MATH 303 — Measures and Integration
Homework 4

Problem 1. Let (X,B,u) be a measure space, and let (f,)nen be a sequence of measurable

functions f, : X — C. Suppose
S [ Ul < .
X

neN

Prove that )y fn converges a.e. to an integrable function f € L'(u), and

/deu=Z/andu-

neN

Solution: By Theorem 3.12,

/X;fnlduzg/xlfnl dp < oc.

Hence, the function F = ">, |fy| is integrable. In particular, ' < co a.e. by Proposition
3.20. Therefore, the series > 7 | fn(z) converges (absolutely) for a.e. z € X.

Let Sy = Zﬁle fn- Then Sy is integrable, Sy — > 7, f» a.e., and |Sy| < F. Hence, by
the dominated convergence theorem, Y 7, f,, is integrable and

A(éf) duzNﬁjnoo/Xéfn dﬂlegnooé/an duzg/xfn .

Problem 2. In this exercise, we will use measure-theoretic tools in order to carry out computations
with Riemann integrals. Assume for the purposes of this exercise that there is a measure A on the
Borel subsets of R with the property: if f : [a,b] — R is a Riemann integrable function, then

b
A\ = dz,
I / f(z) da

where the integral on the left is the measure-theoretic integral and the integral on the right is
the Riemann integral. (We will discuss multiple methods of constructing such a measure A (the
Lebesgue measure) in future lectures.)

(a) Compute
lim ° msin (%)

dx.
n—oo Jq ,1‘(1+,1‘2) v

(b) Show that for a > —1,

Ly log 1
dr = — —.
/0 1-z Z(a+k)2



Solution: (a) Let f,(z) = nsin(2)

T Then for z > 0,

lim f,(x) = lim smz(a) L 1

122 14a?

Moreover, using the inequality |sin¢| < ¢ for ¢ > 0, we have a pointwise bound |f,,(z)| < ﬁ

Let f(z) = H% By the fundamental theorem of calculus,

a—07F ,b—oo

1
/[O,oo) fd\= /0 T2 dr = lim (arctanb — arctana) = g < 00,

so f is Lebesgue integrable. Hence, by the dominated convergence theorem,

 nsin (5)

T
lim n) dr = lim fnd)\:/ limfnd)\:/ fd=".
(b) Expand

1 o0
11—z :an
n=0

for x € (0,1). Let
fn(z) =2 " logx

so that

X

> x%logx
> falz) = —
n=0

Integrating by parts,

1 1 xa—i—n—f—l
n dx = 1 d| ——
/Of(x) v /0 o8 <a+n+1>

xa+n+1 1 1 xa+n+1
= —logzx —/ —— d(logx)
a+n+1 0 0o a+n+1
1 1
:—/ ot dx
a+n+1Jj
B 1
(a+n+1)%

Hence, noting that f,, <0, we have

A\ = < — < 00.
;:0/0 7] T;)(a—i-n—i-l)?a—i-l—'—;rﬂ >




Therefore, applying Problem 1,

/01 A - /Olgofnm dr =§;/01 ful@) de =3 (i)

n=0

Substituting k£ = n 4 1 finishes the proof.




